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\S l.compact Riemannian manifold Laplacian ( )
, Laplacian $(\mathrm{Q}\mathrm{P})$ $(\mathrm{C}\mathrm{P})$ ergodic
. , .
$(\mathrm{Q}\mathrm{P})\{$
$-\Delta u_{n}=\lambda nun$ in $M$,
$\{u_{n}, \lambda_{n}\}$ ; (in $L^{2}(M)$ ),
$(\mathrm{C}\mathrm{p})\{$
$X_{H} \equiv(_{\tau_{\mathrm{P}}}^{\partial H}-, \frac{-\partial H}{\partial x})$ ,
$\exp(tX_{H})$ : $S^{*}Marrow S^{*}M$ ;MlJtl! .
, $(M, g)$ { , smooth compact Riemannian manifold , $X_{H}$ { , $H(x,p)=\sqrt{g_{x}(p,p)}$ Hamfl-
tonian Hamiltonian vector field , $\exp(tX_{H})$ $X_{H}$ Hamiltonian flow $(S^{*}M\text{ }$
1 ) .
, Classical ergode( ) , Quantum ergode ( )
, . , $(\mathrm{C}\mathrm{P})$ , $(\mathrm{Q}\mathrm{P})$ ,
, $(\mathrm{C}\mathrm{P})$ , $(\mathrm{Q}\mathrm{P})$ , 8*M – .
11(Classical ergodicity)( ). $\exp(tX_{H})$ : $S^{*}Marrow 3*M\text{ }$ classical er-
godic , . .
$\lim_{Tarrow\infty}\frac{1}{T}\int_{0}T)f(\exp(tXH)(X,p)dt=\frac{1}{vol(S^{*}M)}s*\int_{M}f(x,p)dvol_{S^{*}}M$ for $\forall f(x,p)\in L^{\infty}(S^{*}M)$ .
11. , , Birkoff
12(Quantum ergodicity)( ). $\{u_{n}, \lambda_{n}\}$ . ,
quantum ergodic , $\{u_{n_{k}} , \lambda_{n_{k}}\}$ , .
$\{$
1. $\lim_{karrow\infty}\underline{n_{k^{\mathrm{A}}}}=1\Leftrightarrow$ (almost $\mathrm{a}\mathrm{l}\mathrm{l},\mathrm{d}\mathrm{e}\mathrm{n}\mathrm{S}\mathrm{i}\mathrm{t}\mathrm{y}\mathrm{l}$ ),
and
2. $\lim_{karrow\infty}\langle op(a)unk’ u_{n_{k}}\rangle_{L^{2}}=\frac{1}{vol(S^{*}M)}\int_{S^{*}M}a(x_{P)\iota},dvoS*M$ for $\forall a(x,p)\in s^{0}(S^{*}M)$ .
, $op(a)$ { , $a(x,P)\in S^{0}(s^{*}M)$ symbol( ) order $0$ , $\langle\cdot, \cdot\rangle_{L^{2}}$ ,
M $L^{2}$ .
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12. , $L^{2}\mathrm{n}\mathrm{o}\mathrm{r}\mathrm{m}$ – .
1. , , ,
. ,
1.3. $(M,g):\mathrm{c}\circ \mathrm{m}\mathrm{p}\mathrm{a}\mathrm{c}\mathrm{t}$ Riemannian manifold , $\{u_{n}, \lambda_{n}\}$ quantum ergodic .
, $\{u_{n_{k}}\}$ , .
1. $\lim_{karrow\infty}\underline{n}_{\mathrm{A}}k=1$,
and
$(2$ . $\lim_{karrow\infty}\int_{N}|u_{n_{k}}|^{2}dvolM=\frac{vol(N)}{v\circ l(M)}$ ( ).
\rangle $N\subset M$ .
. symbol , .
$a(x,p)\equiv\{$
1 on $S^{*}N\equiv\{(x,p)\in S^{*}M:\pi(x,p)\in N\}$
$0$ otherwise
,\mbox{\boldmath $\pi$} :S*M\rightarrow M projection .
, 12. 2. symbol ,
$\lim_{karrow\infty}\langle Op(a)unk’ unk\rangle_{L^{2}}=\frac{1}{vol(S^{*}M)}\int_{S^{*}M}a(X,p)dvo\iota s*M$
$= \frac{1}{vol(S^{n})vol(M)}\int_{S^{n}}\int_{M}\pi a(_{X},p)dvo\iota_{M}dvo\iota_{S^{n}}$
$= \frac{1}{vol(M)}\int_{M}\pi a(_{X},p)dvo\iota M$
$\backslash$
$\sim.$ . $= \frac{1}{vol(M)}\int_{N}dvol_{M}$
$= \frac{vol(N)}{vol(M)}$ .
, . (q.e.d.)
, Classical ergode ( ) Quantum ergode ( )
.
14 (Schnirelman)( [1]). Classical ergodic, $\Rightarrow$ , quantum
ergodic.
1. $(M, g)$ , $(K<0)$ compact manifold , classical
ergodic.
2. $M=S^{1}$ (– ) , $u_{n}=e^{inx}$ Quantum ergodic ,
.
3(quantum ergodic )( [2]). $M=S^{2},$ $g=g_{S}t(R3$
) , { $Y_{l,m}$ , \mbox{\boldmath $\lambda$}l,m}( ) ,
$\iota_{m},arrow\infty\lim_{\mathrm{n}_{\iota^{arrow e}}}\int S^{2}|Y_{l,m}|^{2}dvol=\int_{S^{2}}\delta_{\gamma_{\mathrm{e}}}$
, $\gamma_{e}$ , z \theta $\cos(\theta)=e$ .
, .
28
4(S.Zelditch)( [2]). $M=S^{\mathit{2}}$ ,g=gst( 3 ) ,
$\{u_{n}, \lambda_{n}\}$ , quantum ergodic .
, , quantum ergodic .
, . , .
15 (The counting function).








$\lim_{\deltaarrow 0}\lim_{\lambdaarrow}\sup\frac{1}{N(\lambda,M)}\infty 0<|\sqrt{\lambda}.-\sum_{\sqrt{\lambda_{j}}|<\delta}|\langle Op(a)u_{i}, u_{j}\rangle L^{2}|2=0for\forall a\in s0(s*M)$
.
, , .
, 2. , (The average of transition amplitudes)
. , $Op(a)$ (observable) , (
) . , \S 2.
, . . ’
, \S 2 , 17. T*Rn Hamilton ,
Schr\"odinger , $(\mathrm{C}\mathrm{P}),(\mathrm{Q}\mathrm{P})$ ,
.
\S 2.Schr\"odinger Hamiltonian flow
,Shor\"odinger $(\mathrm{S}\mathrm{P})$ ,Hamiltonian flow(CP) ,ergodic
. \S 1. , $(\mathrm{S}\mathrm{P})$ \S 1.
, ( ) , Planch $h$ $0$
( ) (semiclassial limit) . ’
, , ( ) , ,h-




$\{\frac{-h^{2}}{2m}\triangle+V(x)\}u_{n}(h)=E_{n}(h)u_{n}(h)$ in $R^{n}$ ,
$\{u_{n}(h), E_{n}(h)\}$ ; (in $L^{2}(R^{n})$ ),
,un(h) $\equiv u_{n}(h)(X)$ , Planch , $x$ . ,
$x$ .
$\mathrm{r}H(x,p)\equiv \mathrm{A}^{2}2\overline{m}+V(x)\in C^{\infty}(T^{*}Rn)$ ;(Hamiltonian),
$(\mathrm{C}\mathrm{P})\{$
$X_{H} \equiv\{\frac{\partial H}{\partial p}, -\frac{\delta H}{\partial x}\}$ ; (Hamiltonian vector field),
$\exp(tXH)$ : $H^{-1}(E)arrow H^{-1}(E)$ ; (Hamiltonian flow).
, $H^{-1}(E)\equiv\{(x,p)\in T^{*}R^{n} : H(x,p)=E\}$ , .
29
, $(\mathrm{H}1\sim \mathrm{H}4)$ . , , ,
.
$(\mathrm{H}\mathrm{l})$ ( $(\mathrm{s}\mathrm{p})$ , $(\mathrm{C}\mathrm{P})$ )
$|x| arrow\lim_{\infty}V(X)=\infty$ ,
(H2)(regu1ar( ))





$(\mathrm{H}4)$ ( $\mathrm{p}_{\mathrm{e}}\mathrm{r}\mathrm{i}\mathrm{o}\mathrm{d}\mathrm{i}\mathrm{C}$ points measure $0$) ( )
$m_{E}$ ( $\{(x,p)\in H^{-1}(E):\exists t\neq 0$ s.t $\exp tx_{H}(x,p)=(x,p)\}$) $=0$ .
, $m_{E}$ , Liouville measure.
, .
21(The energy shell,The counting function) ( [4]).
$\{$
$\Lambda$( $E$ , )\equiv { $E_{j}$ ( ) : $E-$ $<E_{j}$ ( ) $<E+h$},
$N(E, h)\equiv\#\Lambda$( $E$ , ).
, \S 1. 16. \S 1. ,
, 21. E
.
, Weyl (The Weyl quantization) .
22(The Weyl quantization). $a(x,p)\in S0(\tau*R^{n})$ . ,
$Op_{h}^{W}(a)f(x) \equiv\frac{1}{(2\pi h)^{n}}\int_{T^{\wedge}R}na(\frac{x+y}{2},p)e\frac{*(x-y)\mathrm{p}}{h}f(y)dydp$ for $\forall f(x)\in C_{0}^{\infty}(R^{n})$ .
, $(\mathrm{C}\mathrm{P})$ , $(\mathrm{S}\mathrm{P})$ , , Classical ergode(
), Semiclassical ergode( ) .
23(Classical ergodic$(\mathrm{a}\mathrm{t}H^{-1}(E))$. $\exp(tX_{H})$ : $H^{-1}(E)arrow H^{-1}(E)$ classical ergodic
, .
$\lim_{Tarrow\infty}\frac{1}{T}\int_{0}^{T}f(\exp(tXH)(X,p))dt=\frac{1}{m_{E}(H^{-1}(E))}\int_{H^{-1}(E)}f(x,p)dm_{E}$ for $\forall f\in L^{\infty}(H^{-1}(E))$
23. , \S 1. 11. , Hamiltonian flow$(\exp(tXH))$ , $H^{-1}(E)$
, $m_{E}$ .
$2.4.(\mathrm{S}\mathrm{e}\mathrm{m}\mathrm{i}\mathrm{c}\mathrm{l}\mathrm{a}\mathrm{s}\mathrm{s}\mathrm{i}\mathrm{c}\mathrm{a}\mathrm{l}$ $\mathrm{e}\mathrm{r}\mathrm{g}\mathrm{o}\mathrm{d}\mathrm{i}\mathrm{c}(\mathrm{n}\mathrm{e}\mathrm{a}\mathrm{r}H^{-1}(E))$ . $\{u_{j}(\text{ }), E_{j}(h)\}$ , semiclassical ergodic
(near $H^{-1}(E)$ ) , ,
$h arrow 0,E_{j()(E}h\mathrm{l}\mathrm{i}\mathrm{m}\epsilon\Lambda,h)\langle Op_{h}(Wa)u_{j}(h), u_{j}(\text{ })\rangle_{L^{2}}=\frac{1}{m_{E}(H^{-1}(E))}\int_{H^{-1}(E)}a(X,p)dm_{E}$ .
30
,$\{u_{j}(\text{ }), E_{j}(h)\}\mathrm{B}^{\grave{\grave{\mathrm{a}}}}$ , semiclassical ergodic,
$\Downarrow$
$\lim_{harrow 0}.\frac{\#\{j.|\langle o_{p^{W}}h(a)u_{j}(h),u_{j}(\text{ })\rangle-\frac{1}{m_{B}(H^{-1}(E))}\int_{H(}-1E)a(x,p)dmE|<\epsilon\}}{N(E,\text{ })}=0$ ,
for $\forall\epsilon>0,\forall a(x,p)\in C_{0}^{\infty}(\tau^{*}R^{n})$.
.
24. , \S 1. 12. , ( $arrow 0$)
. semiclassical( ) .
, classical ergodicity semiclassical ergodicity .
25(Helffer,Martinez,Robert)( [4]). $(Hl)\sim(H\mathit{4})$ ,
$\exp(tXH)$ : $H^{-1}(E)arrow H^{-1}(E)t^{\grave{\grave{\mathrm{a}}}}$ classical $ergodi_{C\Rightarrow}SemiclaSsi_{C}alergodic(nea\Gamma H-1(E))$ .
, . , .
26( [5]). $(Hl)\sim(H\mathit{4})$ ,
$\exp(tX_{H}):H-1(E)arrow H^{-1}(E)l\text{ ^{ }}\mathrm{a}$ classical ergodi $\mathrm{c}$
$\phi$ +
1. Semiclassical ergodic $(nearH^{-}1(E))$ ,
and
2.
$\lim_{\deltaarrow 0}\lim_{harrow}\mathrm{s}\mathrm{u}\mathrm{p}0\frac{1}{N(E,h)}\sum_{\delta 0<|E_{j(}h}Ej(h)\in\Lambda(h)-Ek(h)|<E,h),|\langle Op_{h}W(a)u_{j}(\text{ }), u_{k}(h)\rangle L^{2}|2=0$
,
(the average of transition amplitudes $=\mathit{0}$) for $\forall a\in C_{0}^{\infty}(\tau^{*}R^{n})$ .
26. , \S 1. 17. .
, 17. , , ,
2. 17. 26. $E(h)$ ,
. 17. V\searrow
26. $R^{n}$ Shor\"odinger .
, 2. , \S 1. (The average of transition amplitudes on the energy shell
\Lambda (E, ) $)$ , , .
\S 3.Scars and the related problems
,\S 3 \S 1. .
,quantum ergodicity .
31(Quantum unique ergodicity)(Sarnack,Rudnik). ( ) $(M, g)$ $(K<$
$\mathrm{o})_{Compa}Ct$ Riemannian manifold . ,
$\lim_{narrow\infty}\langle Op(a)u_{n’ n}u\rangle=\frac{1}{vol(S^{*}M)}\int_{S^{*}M}a(x,\xi)dvols*M$ .
?
31
32 ( $[\mathit{2}J[\mathit{3}J.$ ) “Quantum $ergodiC\Rightarrow c\iota_{a}Ssical$ ergodic”{ genetic property ?
32. , \S 1. 15. , quantum ergodic ,
classical ergodic .
. $L^{2}$-norm – (ergodicity) ,
, . (\S 1. 3. ) , $L^{\mathit{2}}$-norm ,
. ( $[2],[7],[8].$ ) ,
.
$3.3.(\mathrm{L}\mathrm{a}\mathrm{t}\mathrm{z}\mathrm{u}\mathrm{k}\mathrm{i}\mathrm{n})$ . ( $[\mathit{9}J.$) $\gamma\subset S^{*}M$ . , $\exp(tx_{H})\gamma=$
$\gamma$ fbr\forall t\in R , meas$(\gamma)>0$ . , H$u_{n_{k}}$ } ,
$\lim_{karrow\infty}\int_{\pi\gamma}|u_{n_{k}}|^{2}dvolM=1$
?
, 33. , $L^{2}$-norm
.
34. Conjecture , . , $\{u_{n_{k}}\}$ ,
$\lim_{karrow\infty}\int_{S}|u_{n_{k}}|2dvo\iota M=1$ .
, \mbox{\boldmath $\gamma$} \subset S*M , , $\pi\gamma\subset S$ .
– , scare .
3.5.(scar)( [6]). $\{u_{n}(x)\}$ , $\mu_{n}\equiv|u_{n}(X)|2dvol_{M}$ , $\mathrm{M}$
Radon , $\{\mu_{n_{k}}\}$ , ( )S $\subset M$
scar . ,
$\{\mu_{n_{k}}\}$ scars to $S\subset M$,
\Downarrow ( )
$\int_{\llcorner}\mathrm{a}\mathrm{n}\mathrm{d}1\mu_{n_{k}}arrow\exists\mu$
(Radon ) ( ),
2. support$(\mu_{sin}\mathit{9})\subset S$.
, $\mu\equiv\mu reg+\mu_{sing}$ Lebesgue .
35. , (singular support) .
, – (quantum ergodic) ,
.
36. scar . ( , . )
, . –, arithemetic Riemannien
surface scar , ,
.
3.7.( $\mathrm{R}\mathrm{u}\mathrm{d}\mathrm{n}\mathrm{i}_{\mathrm{C}\mathrm{k}}$,Sarnack)( [6]). $(M, g)$ $a7\dot{\eta}themetiC$ Riemannian surface .




3.8. $\{\mu_{n_{k}}\}$ scars to $S\subset M$, . , $x\in S$ . ,
$\{\mu_{n_{k}}\}$ scars to $S\backslash \{x\}$ .
, scar . , \mbox{\boldmath $\delta$}(x) ,
.
3.8 . . $x_{0}$ scar . ,
$u_{j_{k}}$ , $x_{0}$ \epsilon $B_{x_{\mathrm{O}}}(\epsilon)$ ,





$= \lim_{karrow\infty}<uj_{k},$ $\emptyset(exp(tXH))u_{j}k>_{L^{2}}$ . . .Egorov
$\leq\lim_{karrow\infty}\int_{B_{x_{0}}(\epsilon)}t+\backslash Bx_{0}(t-\epsilon)|u_{j_{k}}|^{2}dvol_{M}$ . . . Garding inequality
$=\mu(B_{x_{\mathrm{O}}}(t+\epsilon)\backslash B_{x\mathrm{o}}(t-\epsilon))$
$=\mu_{reg}(B_{x}(0t+\epsilon)\backslash B_{x0}(t-\epsilon))$
$\leq\exists c’vol_{M((t}Bx\text{ }+\epsilon)\backslash B_{x_{\mathrm{O}}}(t-\epsilon))$ . . .
$arrow 0$ as $\epsilonarrow 0$
.
, .
39 ( [101) $\{\mu_{n_{k}}\}$ scars to $S\subset M$ , . , $H^{1}$ (S)=0(S 1
$\mathit{0}$) . ,
$\{\mu_{n_{k}}\}$ scars to $\emptyset$ .
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